Abstract. An ansatz for the calculation of the structure of heavy atoms using a relativistic model is described and developed. After using a series of DiracFock calculations to define a suitable set of single-particle states, the set of orbitals is Schmidt orthogonalised and the one-and two-body Hamiltonian matrix elements calculated. This list of matrix elements is then processed and redefined to eliminate any reference to the inner electrons which are assumed to constitute a fixed core. These matrix elements are then utilised for large-dimension configuration-interaction calculations using Slater determinants as the basis functions. As an example, the ansatz is applied to the calculation of the low-lying states of Pb I and demonstrate the importance of configuration mixings within the groundstate manifold.
Introduction
While the importance of incorporating relativistic effects into atomic structure calculations has long been recognised, it is only recently that this has occurred. One approach is to include relativistic corrections of the order ( L u Z )~ from the Breit-Pauli Hamiltonian (Bethe and Salpeter 1957) . Two recently developed programs (Eissner et al 1974, Glass and Hibbert 1978) suitable for large-scale calculations use this method. However, this approach does not take into account variations in the wavefunction induced by relativistic effects an 1 so it is unsuitable for calculations on heavy atoms. Methods which directly use the Hamiltonian
where H D is the Dirac Hamiltonian
correctly incorporate the major relativistic effects upon the electron distributions from the outset. The relativistic equivalent of the HF method (also known as the Dirac-Fock (DF) method) (Grant 1970) , is suitable for studying a wide range of atomic systems. The variational ansatz is used to minimise the energy of an antisymmetric single-configuration wavefunction composed of four-component Dirac spinors yielding a set of integrodifferential equations for the single-particle orbitals. There have been a large number of relativistic HF calculations reported (Grant 1970 , Lindgren and Rosen 1974 , some of which, however, have used statistical approximations (Lindgren and Rosen 1974) for the exchange potentials. The problems associated with the actual solution of the DF equations are more severe than those for the HF equations. Since the spin-orbit interaction is explicitly included in the Hamiltonian different radial functions (excepting sl,2-type orbitals) are needed for the j = 1 -i and j = 1 +$ orbitals. This is compounded by the need to solve radial equations for both the large and small components, entailing much more work than the equivalent non-relativistic H F calculation. Another difficulty occurs for open-shell systems since jj coupling does not provide a good representation for most atomic states. Generally LS coupling is more appropriate, so in general, a linear combination of several JJ coupled configurations must be used to construct a state which is well described by LS coupling. This provided the main motivation for the development of the multiconfiguration Dirac-Fock ( MCDF) method (Desclaux 1975) , although a multiconfiguration formalism may also be used to study the influence of electron correlations.
While the DF method correctly determines the optimum single-configuration wavefunction for heavy atoms, it is well known from the enormous number of calculations on light atomic systems that a multiconfiguration approach is needed for accurate determination of many atomic properties (Hibbert 1975) . Previous calculations using the previously mentioned MCDF method have used only a limited configurational basis while use of the relativistic Z expansion method (Safranova and Rudzikas 1976) has been inhibited by the large number of electrons present. The relativistic random-phase approximation (RRPA) (Johnson et a1 1980) has been extensively applied to the study of photoexcitation and photoionisation processes. However, the RRPA only allows for a restricted class of electron correlations and, moreover, can ony be sensibly applied to atoms with ground states well described by a single configuration. This has led to the development of a version of the RRPA using a multiconfiguration reference function (Huang and Johnson 1982) and a relativistic equivalent of the equations of motion method (Huang 1982) . The approach adopted here was to adapt a general CI procedure which had been used for non-relativistic calculations to handle relativistic orbitals generated using the DF or MCDF method. Since we were primarily concerned with the implementation of a relativistic configuration-interaction (CI) method, rather than the DF method per se, the Oxford MCDF program (Grant et a1 1980) was acquired from the Belfast Computer Physics Communications program library and used as a starting point for all the succeeding calculations.
In the DF method, the trial wavefunction is an antisymmetric function composed of Dirac-type spinors where Pnu( r ) and QnrSj( r ) (I' = 2j -1) are the 'large' and 'small' components respectively. The X k are two component spinors, defined as where k, which carries information about both 1 and j, is defined as
The normalisation condition for the spinors is
The algebraic developments leading to the DF equations (Grant 1970 ) and the methods proposed for their solution (Desclaux et a1 1971) are not presented here since they are not central to this paper and have been treated adequately elsewhere.
There are a number of different types of calculations that can be done with the Oxford program. There are two that are relevant for the calculations presented here.
(i) The average level (AL) scheme in which the orbitals are chosen to minimise the trace of the Hamiltonian matrix for a particular 5 value. The Hamiltonian matrix can be constructed and diagonalised to give mixing coefficients and energy levels once the single-particle orbitals have reached self-consistency.
(ii) For the extended average level (EAL) scheme the weighted sum of the trace of the Hamiltonian is minimised. The most common choice for the weight factors is (25 + 1). The Hamiltonian matrix is again constructed and diagonalised once the orbitals have attained self-consistency, Some of these calculations involve minimising the energy for a number of states. A manifold is normally defined to be the set of j jcoupled states which reduce to a single non-relativistic configuration in the limit c + 00.
The actual ansatz for the calculations is similar to a procedure developed for non-relativistic calculations (Mitroy et a1 1979, Mitroy 1983). The first step involves the use of the Oxford MCDF program to generate a set of single-particle orbitals appropriate for the atomic system being studied. Once these orbitals have been Schmidt orthogonalised the one-and two-particle Hamiltonian matrix elements are computed. Explicit formulae for these matrix elements are presented in the appendix. Since it is proposed to use the present approach to calculate the structure of heavy atoms such as lead it is sensible to partition the orbital set into an inert-core subspace and a valence subspace in order to simplify the calculations. This partitioning makes it possible to eliminate any explicit references to the core electrons by evaluating the energy of this inert core and redefining the valence one-particle matrix elements (see the appendix for details).
Having generated a set of matrix elements the m scheme shell model (Mitroy et a1 1979, Whitehead et al 1979) is used to determine the CI wavefunctions. Since the C I expansion in this case, uses Slater determinants (SD) as basis functions the dimensionality of the space grows extremely rapidly as more excitations from the occupied DF orbitals into the unoccupied space are permitted. The SD, written in 
It is not uncommon to have dimensionalities of lo3 to lo4 with this approach. Fortunately the difficulties in diagonalising matrices of this size can be circumvented by using the Lanczos tridiagonalisation algorithm (with full orthogonalisation) (Lanczos 1950 , Parlett 1980 and utilising the fact that the Hamiltonian matrix is quite sparse. The Lancozs method is an iterative method which is most useful when only a few eigenvalues and eigenvectors of a large dimensionality matrix are required. Within the context of nuclear-shell model calculations it has been shown (Whitehead et a1
1979) that only a small number of iterations (say 100) are needed to generate the ten lowest eigenvalues and eigenvectors regardless of the size of the Hamiltonian matrix. The convergence rate for atomic calculations is marginally slower, in part due to more stringent convergence criteria.
For practical calculations, it is best to use a modified Hamiltonian, namely
The parameter Eshift is chosen purely from numerical considerations while the dJ2 is used to shift states with different angular momenta into different regions of the eigenvalue spectrum of H'. We set d to be greater than zero when the number of low-lying states for which eigenvectors are sought exceeds the number which can be obtained in less than 100 Lanczos iterations. This puts those states with J = MJ lowest in the spectrum of H' and so solutions for these states are obtained first. Solutions for other J values may be obtained by using different values of M,. figure 1 was about 6 h CPU time using a Prime 750 computer. To put this in perspective it takes almost exactly 1 h of CPU time to generate the MCDF-EAL solutions for the Pb I ( 6~)~( 6 p )~ manifold. The convergence criteria for the energies was very strict (lo-' au) . One test of the accuracy of the calculations is given by the calculation of the angular momentum expectation value ( J ) ; in all cases this was found to be an integer to an accuracy of at least IO+.
Configuration mixing for lead
To demonstrate the utility of this approach an investigation of the low-lying structure of lead has been completed. Since this is an open-shell system it is possible that configuration-interaction effects will be important. An EAL calculation for the 6s26p2 ground-state manifold was used to determine the 78-electron fixed core and, in addition, the 6~112, 6pl/, and 6~~~~ orbitals. The 7S1/2 and 8~1 1 2 orbitals were obtained from EAL calculations of the 6~~6 p , / , 7 s~/~ and 8~1 1 2 manifolds respectively. The and @3/2 orbitals came from a calculation of the Pb IV 6p manifold. The bar over these orbitals is to represent the fact that these orbitals cannot of themselves be used to approximate a physical state in the Pb I spectrum, rather they are used to represent correlations between electrons in the occupied orbitals. The 7p orbitals came from an EAL calculation for the 6s26p,/,7p configurations. Convergence problems did not permit the DF equations to be solved for the 6s26p,/,nd manifolds, so the 6d and 7d orbitals were obtained from calculations of the Pb IV nd manifolds.
The importance of configuration mixing for the ground-state 6s26p2 manifold is easily demonstrated by some relatively simple calculations. The diagonal energies of the 6s26p2 manifold (table 1) give a relatively poor description of the energy level splittings. This is improved considerably by including the interaction between the two 2+ and O+ states (these are the EAL energies). A more extensive CI calculation (the allowable configurations are detailed in table 2 ) further improves the fit, especially for the second Of state.
The actual strength of the configuration mixings for the states of the 6s26p2 manifold may be gauged from tables 3-5 where the amplitude (squared) of the important configurations in the CI expansions are shown. The configurations in tables 3-5 describe the set of orbitals occupied by the electrons rather than states labelled by their parentage since these cannot be readily obtained from the Slater determinant basis. The interaction between the ( J = 0) (6~112)~ and ( 6~3 / 2 )~ configurations is quite strong. The ( J = 0) (6~312)' configuration also interacts strongly with some of the other configurations, especially the (6s1,2)2(6d5,2)2 and (6p1/2)2(6p,,2) configurations. These interactions push down the energy and explain why the large CI calculation gave a better value for the excitation energy of this state than did the two-state calculation. The interaction between the ( J = 2) (6~312)~ and 6p,/,6p3,, configurations is stronger than the interaction between the two J = 0 configurations. The interaction of these states with the other configurations in the CI expansion is moderately strong as it is for the ( J = 1) 6p,,,6p3,, states. The excitation energies and spectral purities (the amplitude squared of the dominant configuration) of the other positive parity states (table 6) are in reasonable agreement with the experimental values, although the energies are consistently too low by about 0.01 au. The fine-structure intervals are also in fair agreement with the experimental values. There are inconsistencies, however, between the theoretical and experimental excitation energies for the odd parity levels (table 6) . The energies for all the levels containing 6d electrons are too large, indicating that the specification of the d3/* and d5/* orbitals could be greatly improved. The positions of the other levels are also adversely affected due to their strong interaction (as evidenced by the low values for the spectral purities) with the 6pli26d configurations. This is particularly evident in the very poor values obtained for the fine-structure intervals.
Conclusion
The results of these calculations indicate that accurately modelling the spectra of heavy atoms will be much more difficult than it is for lighter atoms. In particular, the calculation of fine-structure intervals which depends on a delicate balance between the spin-orbit and correlation energies could prove to be quite exacting. The use of j j coupling also makes the calculations more protracted, for not only are the dimensionalities of the CI expansions larger than for an equivalent LS coupled basis, but the number of states for which solutions of the secular equations are required is also larger. The calculations undertaken here are much more extensive than any previously completed, however, only moderate accuracy has been attained. This was partly caused by the inability to solve the DF equations for manifolds containing valence d3i2 and dSi2 electrons. In order to improve the model it will be necessary to develop procedures so that convergent solutions of the DF equations for electrons occupying excited orbitals with I > 2 may be obtained. In spite of these problems, the ansatz presented within should be capable of attaining reasonably accurate results for the structure of atoms for which relativistic effects are important. In particular, a calculation of the parityviolating transition rates for thallium, lead and bismuth would be timely and valuable.
